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Abstract

The method of model formulas is a new method for solving statically indeterminate reactions and
deflections of elastic beams. Since its publication in a recent issue of the IJEE,' many instructors
of Mechanics of Materials have considerable interest in knowing an effective way for teaching
this method to enrich students’ study and their set of skills in determining beam reactions and
deflections. Moreover, people are interested in seeing demonstrations showing any advantage of
this method over the traditional methods. This paper is aimed at (a) providing comparisons of
this new method versus the traditional method of integration via several head-to-head contrasting
solutions of same problems, and (b) proposing a set of steps for use to effectively introduce and
teach this new method to students. It is a considered opinion that the method of model formulas
be taught to students after having taught them one or more of the traditional methods.

I. Introduction

Beams are longitudinal members subjected to transverse loads. Students usually first learn the
design of beams for strength. Then they learn the determination of deflections of beams under a
variety of loads. Traditional methods used in determining statically indeterminate reactions and
deflections of elastic beams include:* ' method of integration (with or without use of singularity
functions), method of superposition, method using moment-area theorems, method of conjugate
beam, method using Castigliano’s theorem, and method of segments.

The method of model formulas' is a newly propounded method. Beginning with an elastic beam
under a preset general loading, a set of four model formulas are derived and established for use
in this new method. These formulas are expressed in terms of the following:

(a) flexural rigidity of the beam;

(b) slopes, deflections, shear forces, and bending moments at both ends of the beam;

(c) typical applied loads (concentrated force, concentrated moment, linearly distributed
force, and uniformly distributed moment) somewhere on the beam.

For starters, one must know that a working proficiency in the rudiments of singularity functions
is a prerequisite to using the method of model formulas. To benefit a wider readership, which
may have different specialties in mechanics, and to avoid or minimize any possible misunders-
tanding, this paper includes summaries of the rudiments of singularity functions and the sign
conventions for beams. Readers, who are familiar with these topics, may skip the summaries. An
excerpt from the method of model formulas is needed and shown in Fig. 1, courtesy of IJEE.'
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Excerpt from the Method of Model Formulas
Courtesy: Int. J. Engng. Ed., Vol. 25, No. 1, pp. 65-74, 2009
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Fig. 1. Loading, deflections, and formulas in the Method of Model Formulas for beams
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® Summary of rudiments of singularity functions:

Notice that the argument of a singularity function is enclosed by angle brackets (i.e., <>). The
argument of a regular function continues to be enclosed by parentheses [i.e., ( )]. The rudiments
of singularity functions include the following:*’

<x—a>"=(x—-a)" if x-a>0 and n>0 (5)
<x—-a>"=1 if x-a=0 and n=0 (6)
<x—-a>"=0 if x-a<0 or n<0 (7)

jx<x—a>“dx:L<x—a>”*1 if n>0 (8)

w0 n+1

J'_X<x—a>”dx=<x—a>”” if n<o 9)

%<x—a>“:n<x—a>“‘1 if n>0 (10)

%<x—a>”:<x—a>rH if n<o (11)

Equations (6) and (7) imply that, in using singularity functions for beams, we take

b=1 for b>0 (12)
b=0 for b<0 (13)

B Summary of sign conventions for beams:

In the method of model formulas, the adopted sign conventions for various model loadings on the
beam and for deflections of the beam with a constant flexural rigidity El are illustrated in Fig. 1.
Notice the following key points:

e A shear force is positive if it acts upward on the left (or downward on the right) face of the
beam element [e.g., V, at the left end @, and Vj at the right end b in Fig. 1(a)].

e At ends of the beam, a moment is positive if it tends to cause compression in the top fiber of
the beam [e.g., M, at the left end a, and M, at the right end b in Fig. 1(a)].

e If not at ends of the beam, a moment is positive if it tends to cause compression in the top
fiber of the beam just to the right of the position where it acts [e.g., the concentrated moment
K = K U and the uniformly distributed moment with intensity m, in Fig. 1(a)].

e A concentrated force or a distributed force applied to the beam is positive if it is directed
downward [e.g., the concentrated force P =P {, the linearly distributed force with intensity
W, on the left side and intensity W, on the right side in Fig. 1(a), where the distribution be-
comes uniform if w, = w, .

The slopes and deflections of a beam displaced from AB to ab are shown in Fig. 1(b). Note that

e A positive slope is a counterclockwise angular displacement [e.g., 8, and é, in Fig. 1(b)].
e A positive deflection is an upward linear displacement [e.g., Y, and Y, in Fig. 1(b)].
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II. Teaching and Learning a New Method via Contrast between Solutions

Equations (1) through (4) are related to the beam and loading shown in Fig. 1; they are the model
formulas in the new method. Their derivation (N0t a main concern in this paper) can be found in
the paper that propounded the method of model formulas.' Note that L in the model formulas in
Egs. (1) through (4) is a parameter representing the total length of the beam. In other words, L is
to be replaced by the total length of the beam segment, to which the model formulas are applied.
Statically indeterminate reactions as well as slopes and deflections of beams can, of course, be
solved. A beam needs to be divided into segments for analysis only if (a) it is a combined beam
(e.g., a Gerber beam) having discontinuities in slope at hinge connections between segments,
and (b) it contains segments with different flexural rigidities (e.g., a stepped beam). Having
learned an additional efficacious method, students’ study and set of skills are enriched.

Mechanics is mostly a deductive science, but learning is mostly an inductive process. For the
purposes of teaching and learning, all examples will be first solved by the traditional method of
integration (Mol) — with use of singularity functions — then solved again by the method of
model formulas (MoMF). As usual, the loading function, shear force, bending moment, slope,
and deflection of the beam are denoted by the symbols q, V, M, y’, and y, respectively.

Example 1. A simply supported beam AD with constant flexural rigidity El and length L is acted
on by a concentrated force P { at B and a concentrated moment PL O at C as shown in Fig. 2.
Determine (a) the slopes 6, and 6, at A and D, respectively; (b) the deflection y, at B.
” 4 FL
s
o L3 1. B3 . L3 |

Fig. 2. Simply supported beam AD carrying concentrated loads

Solution. The beam is in static equilibrium. Its free-body diagram is shown in Fig. 3.

I

y
15!’..-’3 J c 'l'?]’. 3
| L/3 | L3 | L3

L

Fig. 3. Free-body diagram of the simply supported beam AD

e Using Mol: Using the symbols defined earlier and applying the method of integration (with
use of singularity functions) to this beam, we write

5P L 2L
q_3<x> P<x 3> PL < x 3

5P L 2L
V= 3 <x>° —P<x—§> —PL<X—T>
M = Ely"_%<x>—P<x—%> PL<X—%>
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’—E 2_B _L 2_ _£ 1
Ely_6<x> > <X=3> PL <X 3>+C1

_5P s P_, Ls_ PL_ 2L >
Ely_18<x> ¢ <X"3> "5 <X-3 >+ Cx+C,

The boundary conditions of this beam reveal that y(0)=0 at A and y(L)=0 at D. Imposing
these two conditions, respectively, we write

0 == C2
3 2
0 :i(L)L E(&] - &(Lj +CL
18 6\ 3 23
These two simultaneous equations yield
14PL’
Cl = — 81 CZ = 0

Using these values and the foregoing equations for Ely’ and Ely, we write

6-y| _C, 14PC _y _EﬁlaJA"il(EET_EL(L)+EL_17Pf
AT Mo Ty 81EI R i 2610 3 ) EI3) ElI  162E

sP (LY cC, (L 23PL}

yB=y|x=|_/3=—_ TR T

18EI3)  EI3 486EI

We report that
_ 14PL2 _17PL _ 23P°
%=SE ° % = T2eT © Yo= J36ET ¥

e Using MoMF: In applying the method of model formulas to this beam, we must adhere to the
sign conventions as illustrated in Fig. 1. At the left end A, the moment M, is 0, the shear force
\,, is 5P/3, the deflection Yy, is 0, but the slope 6, is unknown. At the right end D, the deflection
Yo 18 0, but the slope 6, is unknown. Note in the model formulas that we have X, =L/3 for
the concentrated force P | at B and X, =2L/3 for the concentrated moment PL O at C. Apply-
ing the model formulas in Egs. (3) and (4), successively, to this beam AD, we write

O =Op + ————— 10 :

2EI " 2FEI
3
L PBIL P (

(5P/3)L° P (L L

6EI +O_6H

0=0+ 6

These two simultaneous equations yield

14PL*

%=~ %1

+_—PL(L—&j—O—O+O+O+O—O
El 3
2
+_—PL(L—2—LJ -0-0+0+0+0-0
2El 3
_ 7P’
0D_162EI

Using the value of 6, and applying the model formula in Eq. (2), we write

L

5P/3(L
Yo = y|x:L/3 =0+6, (gj + (

6El \ 3

3
—j+0—0+0—0—0+0+0+0—0:—

23PL°
486EI
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We report that

2
_14PL

_17PL’ _ 23pPL
81EI © v

O ~ 162E Y2 = 436EI

O

Remark. We observe that both the method of integration (with use of singularity functions) and
the method of model formulas yield the same solutions, as expected. In fact, the solution by the
MoMF looks more direct than that by the Mol. Furthermore, if singularity functions were not
used in the Mol, the solution would require division of the beam into multiple segments (such as
AB, BC, and CD), and much more effort in algebraic work in the solution would be involved. In
Examples 2 through 5, readers may observe similar features.

Example 2. A cantilever beam AC with constant flexural rigidity El and length L is loaded with a
distributed load of intensity W in segment AB as shown in Fig. 4. Determine (a) the slope 6, and
deflection y, atA, (b) the slope &; and deflection y, at B.

T w

LTI |

A B C|
L2 | L2

Fig. 4. Cantilever beam AC loaded with a distributed load

-_—X

Solution. The beam is in static equilibrium. Its free-body diagram is shown in Fig. 5.

Y|

w M

TIITI .

A B (“? !
C

L2 | L2 |

Fig. 5. Free-body diagram of the cantilever beam AC

e Using Mol: Applying the method of integration to this beam, we write

q:—w<x>°+w<x—£>0

2
V=—W<X>1+W<X—%>l
M=EN'=- W ys2, Wy Lo
Ely 2<x> +2<x 5>
W LW oy Lo

Ely'= 6<x>+6<x 5> +C,
- W sy W Los

Ely = g SX> oy <X=5> + C,x+C,

The boundary conditions of this beam reveal that y'(L)=0 and y(L)=0 at C. Imposing these
two conditions, respectively, we write

W, w(LY
0=——L+—|—|+C,
6 6\2
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4
0=—D o W L +C,L+C,
24 24\ 2
These two simultaneous equations yield
7wl 41wl
Cl = 2=
48 384
Using these values and the foregoing equations for Ely’and Ely, we write
0. =y _C 7wl Y=l _C, 4w’
AT B 48E SR = 384El

9—y’| —_i£3+&—WL3
B 7 he=Ln 6EI | 2 El  SEI
ooyl . - _L(£]4+&(Lj LGl Lt
B Th=L2 24EI\ 2 EI\2) EI 192El

’7w|_3 _ 4'1W|_4
A= 48E] A 384El

We report that

3 7wl
= wi Ys = \L
8EI

v Os ~ 192El

e Using MoMF: Let the method of model formulas be now applied to this beam. The shear force
V, and bending moment M, at the free end A, as well as the slope 6. and deflection Y. at the

fixed end C, are all zero. Noting that x, =0 and u, =L/2, we apply the model formulas in Egs.
(3) and (4) to the entire beam to write

3
0=6,+0+0-0+0--" U0+ [L-L)io040-0
GEI 6E 2

4
0=y +6L+0+0-0+0-—" 10+ (L-L)s040-0
24El 24EI 2

These two simultaneous equations yield

_7wl’ v = 41wl
* 48EI A 384EI
Using these values and applying the model formulas in Egs. (1) and (2), respectively, we write
w (LY wL’
;=Y =6,+0+0-0+0-——|=|-0+0+0+0-0=
s =V = 6 6El (2} 8EI
L wo(LY 7wl
= =Y+ 6|=[+0+0-0+0-—=—|=| -04+04+0+0-0=—
Yo =Y,1 = Ya A(zj 24E]| (2) 192EI
We report that
3 41wL’ 3 TwL!
ALY h= l g, = WL Yo = ¢
48EI 384El 8EI 192El
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Example 3. A cantilever beam AC with constant flexural rigidity El and total length 2L is
propped at A and carries a concentrated moment M, O at B as shown in Fig. 6. Determine (@)
the vertical reaction force Ay and slope 6, at A, (b) the slope &; and deflection y; at B.

y Moa |
z B/ ¢
L o L

Fig. 6. Cantilever beam AC propped at A and carrying a moment at B

Solution. The beam is in static equilibrium. Its free-body diagram is shown in Fig. 7, where we
note that the beam is statically indeterminate to the first degree.

y

A

‘ A -f,,‘\ M,
I B/ CP_ B
| A, C,

L . L |

Fig. 7. Free-body diagram of the propped cantilever beam AC
e Using Mol: Applying the method of integration to this beam, we write
g=A<x>"-M;<x—-L>"
V=A<x>"-My<x-L>"
M=Ely"=A,<x>-My<x-L>°

Ely’:%y<x>2—M0< x—L>'+C,
Elyz%’<x>3—%<x—L>2+Clx+C2

The boundary conditions of this beam reveal that y(0)=0 at A, y'(2L)=0 atC, and y(2L)=0
at C. Imposing these three conditions, respectively, we write

0=C,
O—&(2L)2—M L+C
) 0 1
0= %(2L)3—%B+ C,2L)+C,
These three simultaneous equations yield
__MyL _ _ IM,
Ci=-7% C.=0 A= ToL
Using these values and the foregoing equations for Ely"and Ely, we write
_vl -G _ ML A 2 CSML
=Yl = El ~  8El 0=Vl = 261~ VEl T 32EN
_y = A Gy o ML
Yo=Yl =gert B = " nE

We report that
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_ 5M,L

M,
T ~ 32El

— M, L’
16l v

E Yo = 32E]

Ay

6= 8 0,

e Using MoMF: Let the method of model formulas be now applied to this beam. We note that
this beam has a total length of 2L, which will be the value for the parameter L in all the model
formulas in Egs. (1) through (4). We see that the deflection y. and the slope 6, at C, as well as
the deflection y, at A, are equal to zero. Applying the model formulas in Eqgs. (3) and (4) to the
entire beam, we write

_ “y(zL)z _ _IVIO _ _ _ _
0=6, + El +0-0+ El 2L-L)-0-0+0+0+0-0
_ ALY _ —M, L)Y —0— _
0=0+46,2L)+ GEI +0 0+2EI 2L-L)"-0-0+0+0+0-0

These two simultaneous equations yield

_ 9IM, 0 —_ M,L
Y16l A 8EI
Using these values and applying the model formulas in Egs. (1) and (2), respectively, we write
! _ Ay 2 _ _ _ _ _ SM()L
HB—yX:L—HA+—2EIL+O 0+0-0-0+0+0+0 0_32EI
— _ ﬂ 3 _ _ _ B _ MOLZ
yB_y|x:L‘0+9A"+6E|"+O 0+0-0-0+0+0+0-0=-=
We report that
_ 9IM, ~ ML _ 5M,L ML’
A=Ter T Gemger O =g O Yo =3aEr ¥

Example 4. A continuous beam AC with constant flexural rigidity El and total length 2L has a
roller support at A, a roller support at B, a fixed support at C and carries a linearly distributed
load as shown in Fig. 8. Determine (@) the vertical reaction force A, and slope 6, at A, (b) the
vertical reaction force B, and slope &; at B.

el

i
L | L

cl
| |
Fig. 8. Continuous beam AC carrying a linearly distributed load

Solution. The beam is in static equilibrium. Its free-body diagram is shown in Fig. 9, where we
note that the beam is statically indeterminate to the second degree.
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BtB (1('.
L | L

Fig. 9. Free-body diagram of the continuous beam AC

e Using Mol: Treating B, as an applied unknown concentrated force, we may use superposition
technique to first write the loading function ¢ as follows:

_ -1 _ 1 W o_ W W _ 1 _ 0
g=Ay<x> + By<x—-L>" 2<x> 2|_<x> +2L<x L>+w<x-L>
Applying the method of integration to this beam, we write
w w w
V=A,<x>"+ By<x-L>’ _7<X>_H<X> +H<X L>*+w<x—L>'

_ ” _ﬂ _ W i W _ 2
M=Ely"=A,<x> + By<x—L>' 4<x> 12L<X> +12L<X L>+2<x L>
El i<x>+B<x Lo W oys3 - W ooyt Wy 1 4y Wy LS4 C

Y= 2 12 48L 48L 6 !

Ay By 3 W o w s, W W
Ely=— <x>+6<x L> 48<x> 24OL<X>+240L<X L>+24<x L>*+C,x+C,

The boundary conditions of this beam reveal that y'(2L)=0 and y(2L)=0 atC, y(L)=0 atB,
and y(0)=0 at A. Imposing these four conditions, in order, we write

Ay 2__ _ _W 4 3
FeL+ S-S el 48L(2|_) + 48|_L e Witc,
ZFV(ZL)3+ |_3——(2|_) - 240L(2|_) + 4OL|_ +ﬂ|_‘*+cl(2|_)+c2
_ Ay 3__ 4__ 5
0="2L- li-mtr L +CL+C,
0=_C,

The above four simultaneous equations yield

39wL _ 31wl 3wL?

A= Ta0 By =56 Ci=-T40 C,=0
Using these values and the foregoing equation for Ely’, we write
! _Q__3WL3 o 1 Ay 2. W,3_ W 14 _ 23WL3
% =Yho= B = 1200 6=y, = El(zL 25" asct S | = T6s0Ed
We report that
39wL _ 3wl 31wl 23wl
Av=Ta0 T % = 140E] By="5¢ T % = 1630EI
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e Using MoMF: Let the method of model formulas be now applied to this beam. We notice that
the beam AC has a total length 2L, which will be the value for the parameter L in all the model
formulas in Eqgs. (1) through (4). We see that the shear force V, at left end A is equal to A, the
moment M, and deflection Yy, at A are zero, the deflection Yy, at B is zero, and the slope 6. and
deflection Y. at C are zero. Applying the model formulas in Egs. (3) and (4) to the beam AC and
using Eq. (2) to impose the condition that y, = y(L)=0 at B, in that order, we write

Ay(2L) —-By 2 w/2 3 w— (w/2) 4
=g+ L 0- 2XL-L - W2 oLy - W= WD) o
Y T Y= R A 7= I A VT TR
w 3, w— (w/2) 4
——(2L-L —= (2L-L -
tem G g G 00
_ ARL o =By s o W2 e W= (W/2) s
0=0+6,(2L) + GEI +0 GEl (2L-L)Y'+0 AE] (2L) “20EIL (2L)
W 4. w—(w/2) 5
2L-L —=(2L-L -
e Gt g GEH 00
A w/2 2 w—(W/2) s
0=0+4L Y ’+0-0+0- L"— L°+0+0+0-0
TAETEE - T T T T 4E oEIL ~ o TUT
These three simultaneous equations yield
_ 39wL _ 3wl _ 31wl
Ar= 140 O = 140El B, = 56
Using these values and applying the model formula in Eq. (1), we write
' Ay > w2 s w—(w/2) 4 23wL’
= = L +0-0+0- L - L"+0+0+0-0=
Oo=Ylie =6+ U+ T GE %eEIL - 0T 1680l
We report that
~ 39wl 3wl ~ 31wl 23wl
A= 20 T % = Ta0ET © By =56 T % = T60EI

Example 5. A stepped beam AD, propped at A and fixed at D, carries a concentrated force P | at
B as shown in Fig. 10, where the segments AC and CD have flexural rigidities El, and El,, re-
spectively. Determine () the reaction force A, at A; (b) the slopes 6, , 6;, and 6. at A, B, and
C; (c) the deflections Yy and Y. at B and C.

’ | 1 i c D
4E B I
L | L | L

—

Fig. 10. Stepped beam AD being supported at A and D and loaded at B
Solution. The beam is in static equilibrium and is statically indeterminate to the first degree. To

facilitate the analysis of this beam, we first draw the free-body diagrams of its segments AC and
CD as shown in Fig. 11.
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(@) (b)
Fig. 11 Free-body diagrams of the segments AC and CD

e Using Mol: Applying the method of integration to the segment AC as shown in Fig. 11(a), we
write

Oue =Ay<X>"'=P<x-L>"
Vie = Ay <x>"-P<x-L>"

M, = ELyr. = Ay <x>'-P<x-L>'

EllyAC:%<x>2—%<x—L>2+C,
Elye = 2 <x>-Pox-Lsrcxsc
he = 5 <X>' = <x=L>+Cx+C,

Applying the method of integration to the segment CD as shown in Fig. 11(b), we write
Oop = L <X=2L>"+ M <x-2L>7
Vop = VL <x=2L>"+ M <x-2L>""

Mg, = EL Yl = Ve <Xx=2L>"+ M < x-2L >’
_\

ELY., _7<x—2L >’ + M <x-2L>'+C,
ElL Yoo :%<X—2L >+ %< x—2L>"+C,x +C,

The boundary conditions of the beam reveal that y,.(0)=0 at A; y,.(2L)=y.,(2L) and
Vae CL) =Y (2L) at C; Y., (BL)=0 and y.,(3L)=0 at D. Imposing these five conditions, in
order, we write

0=C, (a)
i[ﬂ(sz—B(L)uc 2L)+C } - Lic,en+cy] (b)
I |76 6 ! NG 4

1A, > P2 G
I—I{T(ZL) _E(L) +C1} = ()
O:V?C(L)3+ %(L)% C,(3L) + C, %)
0 =\;—°(L)2+MC(L) ic, @)

For equilibrium of the segment AC in Fig. 11(a), we write

Proceedings of the 2010 Midwest Section Conference of the American Society for Engineering Education



13

+T2F=0: A -V.-P=0 ()
+OXM,. =0: -2LA/+LP+M. =0 (2)

The above seven simultaneous Egs. (a) through (g) yield

Y 2(191,+81,) ¢ 2(191,+81,) 191, +81,
(17 +3111,+41;)PL
C - _ 1 172 2 C :O
: 41,(191,+81,) 2
40191, +81,) ¢ 6(191,+81,)

Using these values and the foregoing equations for El,y,. and El,y,. we write

O =Vs | :&:_“12"'31'1'2"'4'22)'3'—2
A AC [ x=0 Ell 4E|1|2(19|1+8|2)
R Y SR TR THNES S
5= ket T 2 F T EN 4El,1,(191,+81,)

6= yie] oo AL’ PL G _ (=1+231,)PL
c  JAchea 2El, 2El, El, 4EL,(191,+81,)

_AL oL GIZ+701, 1, +71H)PL

Yo = Yhe |t = 6EI, " El,  12ELL,(191,+81,)
Vo= Ve | = AAL  PL  2CL _ (31, +201)PL
¢ b=t 3ElL 6El, El 6EL,(191,+81,)
We report that
Y 2(191,+81,) A 4E1,1,(191,+81,)
_(2+811L,-15)PL O _ (1 +231,)PL
8 4EL1,(191,+81,) ¢ 4EL(191,+81,)
_@BI2+701, 1, +715)PL . _ _(31,+201,)PL
B 12EL1,(191,+81,) € 6EL(191,+381,)

e Using MoMF: Let the method of model formulas be now applied to this stepped beam. We
first divide the beam into two segments, whose free-body diagrams are shown in parts (a) and (b)
of Fig. 11. In particular, note that the segment AC has a total length 2L, which will be the value
for the parameter L in all the model formulas in Eqgs. (1) through (4). We see that shear force
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V, at the left end A is equal to Ay, the moment M, and deflection y, at A are zero. We may let
the slope and deflection at C be €. and Y., respectively. Applying the model formulas in Egs.
(3) and (4) to segment AC in Fig. 11(), in that order, we write

_ A,(2L) P o o B
g.=6,+ 2ET +0 2EI1(2L LY+0-0-0+0+0+0-0 (h)
3
o=0+6,02L) +2CY 6 P o 1y 10-0-040+0+0-0 )
6ET 6ET

For equilibrium of the segment AC in Fig. 11(a), we write
+T12F=0: A -\V.-P=0 G)
+OZX M. =0: -2LA/+LP+M. =0 (k)

We note that the slope €, and deflection y, at end D of segment CD are zero. Applying the
model formulas in Egs. (3) and (4) to segment CD in Fig. 11(b), in that order, we write

VL” | McL

O:9c+2E|2+E|2—0+O—0—0+0+0+O—0 )
3 2
O:yC+HCL+g/‘I7E|I‘+M°L —0+0-0-0+0+0+0-0 (m)
2

The above six simultaneous Egs. (h) through (m) yield

A - (231,+51,)P v o ashi+111,)P M- @l-31)PL
Y 20191, +81,) ¢ 20191, +81,) 191, +8l,
G =— (I2+311L1,+415)PL g - (L+231,)PL V. = (31, +201,)PL’
C C

4E1L1,(191,+81,) "~ 4EL(191,+81,) ~ 6EL(191,+81,)

Using these values and applying the model formulas in Egs. (1) and (2), we write

A (12+81,1,—1)PL
=6 +—1L"+0-0+0-0-0+0+0+0—-0=—~" 22
=Gt el + o0 4E11,(191,+81,)

95 = y;(c

A GBI +701, 1, +713)PL
= =0+6L+—=2L+0-0+0-0-0+0+0+0—-0=— =1 12~ T2
Yo = Yhcl, . = O+ AL+ 5L+ 0-0+ Ol 12ELL,(191,+81,)
We report that
A _(31,+51,)P g - (12+311,1,+412)PL?
Y 2(191,+81,) A 4ELL(191,+81,)
8 — (|12+8|1|2_|22)PL2 8 — (_|1+23|2)PL2
8 4E1L1,(191,+81,) € 4E1,(191,+81,)
_ @I +701, 1, +713)PL _ (31, +201,)PL
B 12ELL(191,+81,) € 6ELL,(191,+81,)
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e Checking Obtained Results: The effort to obtain the solution for the problem in this example
is algebraically challenging. Naturally, it is desirable to check the preceding obtained results
against a known solution for the special case of

For such a special case, the preceding obtained results degenerate into the following:

14P Nk _2pL?
Ay=57T1 =35 © % =375 ©
1P _20pPL 3P}
%="S54m © Yo =g1Er ¥ Ye=TerEr ¥

We find that these special results are indeed consistent with those given at the end of textbooks.”

II1. An Effective Approach to Teaching the MoMF

The method of model formulas is a general methodology that employs a set of four equations to
serve as model formulas in solving problems involving statically indeterminate reactions, as well
as slopes and deflections, of elastic beams. The first two model formulas are for the slope and
deflection at any position X of the beam and contain rudimentary singularity functions, while the
other two model formulas contain only traditional algebraic expressions. Generally, this method
requires much less effort in solving beam deflection problems. Most students favor this method
because they can solve problems in shorter time using this method and they score higher in tests.

The five examples, arranged in order of increasing challenge, in Section II provide a variety of
head-to-head comparisons between solutions by the traditional method of integration and those
by the method of model formulas; and all of the solutions are, respectively, in agreement. Thus,
all solutions by the method of model formulas are naturally correct. Experience shows that the
following steps form a pedagogy that can be used to effectively introduce and teach the method
of model formulas to students to enrich their study and set of skills in determining statically inde-
terminate reactions and deflections of elastic beams in mechanics of materials:

m Teach the traditional method of integration and the imposition of boundary conditions.
Teach the rudiments of singularity functions and utilize them in the method of integration.
Go over briefly the derivation' of the four model formulas in terms of singularity functions.
Give students the heads-up on the following advantages in the method of model formulas:
o No need to integrate or evaluate constants of integration.
o Not prone to generate a large number of simultaneous equations even if

> the beam carries multiple concentrated loads (forces or moments),

> the beam has one or more simple supports not at its ends,

> the beam has linearly distributed loads not starting at its left end, and

> the beam has linearly distributed loads not ending at its right end.
Demonstrate solutions of several beam problems by the method of model formulas.
Assess the solutions obtained (e.g., comparing with solutions by another method).
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Although solutions obtained by the method of model formulas are often more direct than those
obtained by the method of integration, a one-page excerpt from the method of model formulas,
such as that shown in Fig. 1, must be made available to those who used this method. Still, one
may remember that a list of formulas for slope and deflection of selected beams having a variety
of supports and loading is also needed by persons who use the method of superposition. In this
regard, the method of model formulas is on a par with the method of superposition.

IV. Concluding Remarks

In the method of model formulas, no explicit integration or differentiation is involved in applying
any of the model formulas. The model formulas essentially serve to provide material equations
(which involve and reflect the material property) besides the equations of static equilibrium of
the beam that can readily be written. Selected applied loads are illustrated in Fig. 1(a), which
cover most of the loads encountered in undergraduate Mechanics of Materials. In the case of a
nonlinearly distributed load on the beam, the model formulas may be modified by the user for
such a load.

The method of model formulas is best taught to students as an alternative method, after they have
learned one or more of the traditional methods.”"? This new method enriches students’ study and
set of skills in determining reactions and deflections of beams, and it provides engineers with a
means to independently check their solutions obtained using traditional methods.
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