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Objectives:

B Share the idea of teaching two methods:

method of model formulas (MoMF), established in 2009,

(I. C. Jong, “An Alternative Approach to Finding Beam Ractions and
Deflections: MoMF,” IJEE, pp. 1422-1427, 2009. Univ. of Arkansas)

and conjugate beam method (CBM), established in 1921,
(H. M. Westergaard, “Deflection of Beams by the Conjugate

Beam Method,” JWSE, pp.369-396, 1921. Univ. of Illinois).

B Provide comparisons between the new MoMF and the
traditional CBM via head-to-head contrasting solutions
of same problems.

B Enrich students’ study and sets of skills in analyzing beam
reactions and deflections.
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An Effective Approach to Teaching the MoMF:

B First, teach the traditional method of integration (Mol),
Including the use of singularity functions.

B Go over briefly the derivation of the four model formulas
In terms of singularity functions.

B Demonstrate solutions of several beam problems by the
MoMF vs. the CBM and point out the advantages:

> Needs no integration.

> Handles well concentrated & distributed loads.

> Uses just a page of excerpt of 4 model formulas.
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Prerequisite to Using MoMF: Singularity Functions
<Xx—a>"=(x—a)" if x—a=0 and n>0
<x—a>"=1if x-a=0 and n=0
<x—a>"=0 if x—-a<0 or n<0

o X .
<x—a>"dx = <x—a>"" if n<o0

e X 1

<X—a>"dx = —<x—a>"" if n>0
J —0 n+1
i<x—a>”:n<x—a>”‘1 if n>0
dx
i<x—a>”:<x—a>”‘1 if n<0
dx
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Excerpt from the Method of Model Formulas:
Model loads on beam ab & its positive deflections
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Model Formulas: Egs. (1) and (2)
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Model Formulas: Egs. (3) and (4)

0,= 0,+ \Z’aELIZ ; 'VéalL P L)+ (L0 — g (L x)
B 24EV:I1(G\:,NEXW) (L= %)+ gy 6EI p(L-u)’+ 24Ev:ll(uv\vN3xW)(L_“W)4
+ o (LX) = o (L=t (3)
VL ML
Yo = Ya+ Gl t 5T + T 6EI oEr (5% gy 2EI (L=x)*= gy (L =)'
- 1202\11(;::% W) (L=x)"+ zﬁvéu (L-uw)+ 12031(:1::\,3“) (L-u)’
* 3] oey (L)’ (4)
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Guiding Rules in the CBM

Synthesized from: Journal of the Western society of Engineers,
Vol. XXVI, No. 11, pp.369-396, 1921

Rule 1: Conjugate beam and given beam are of the same length.

Rule 2: Load on conjugate beam is M/EI of the given beam.
Existing support condition in | Corresponding support condition in
the given beam: the conjugate beam:

Rule 3: | Fixed end Free end

Rule 4: | Free end Fixed end

Rule 5: | Simple support at the end Simple support at the end

Rule 6: | Simple support not at the end | Unsupported hinge

Rule 7: | Unsupported hinge Simple support

Rule 8: Conjugate beam is in static equilibrium,.

Rule 9: Slope of given beam is equal to the shear force in conjugate beam.

Rule 10: Deflection of given beam is equal to the moment in conjugate beam.
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Example 1. Determine forthe V
beam with El (a) slopesg,and g, g

at Aand D, (b) deflectiony,atB. | L3 | L3 | L3 |

H Solution by MoMF:

(5P/3)L2 P ( LT —PL( ZLJ
Eq. (3): 6, =0, + — L——=| + L
G- 3 &% = O 2F| 2F|

3 El 3
e 0:0- a0 B 2 LT SR, 2
We obtain: 6, = - 1§1PE|]2 and 6, = %
Ed. (2 Yo =Yl,_..= 6 (%j * Zzlf (3)3:_ jgg;
We obtain: y, = % ¥
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Example 1. (Continued g £
i ( ) & g o
B Solution by CBM: L3 | LB | LB |
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Conjugate beam FBD of conjugate beam

14PL2 17PL>
Equilibrium of the conjugate beam vields:  4A¢ = D¢ =
a Jug y y 81E] Y 162E1

Applying the guiding rules in the CBM, we obtain:

_ 14PL° _17PL? _ 23PL°
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Example 2. For the beam with El, r TM |

- - w/2
determine the reactions and slopes e =t —3
(a) A, and 6, at A, (b) By and &; at B. L gL

B Solution by MoMF: (assuming A, = A,* and By = By 1)

Eq. (3): 0 = 6, + AVZ(EIL)Z _ ;EIV (2L - LY —%(mt W2_4(EV|V/L2) (2L)*
bt (2L-L) + W2_4(EV\|I/L2) (2L-L)*

Eq. (4): 0= 6,(2L) + AVG(EIL)S _ ggly (2L-L) - 2\’V4—/E2|(2L)4— VXZ_O(I\ENIIE) 2Ly’
+ oaer L=+ VXz_o(gl/E) (L-Ly

. A w/2 w—(w/2) s
Eq.(2): 0=@ L 4+ -2y (3_ W2 4 L
q- (2) A= BEI 24 El 120EIL

. , A /2 —(w/2
Bq. (1) =YL =6 + 5L - éVEI L - W24(E||_)L4
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The preceding four equations yield the values:

~ 39wL 3wl
Ay = 140 O = ~ 140E]|
5 _ 3lwl g - 23wL°®
Y 56 B 1680 El

We report that the MoMF yields the following solutions:

_39wL _ 3wl y
Ay=<Ta0 | %= 1z08T © f‘ T I
w/2
31wl B 23wL3 A& B& Cl 7
By= =56 T % = 1680ET © L g L
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Example 2. (Continued) “’/21‘ W“’ I
C —

A& B&:
M Solution by the CBM: L L gL |
A1 Ts.L A1 TsL
1 24,L 111 Taaz
. A ET | ET
WL~ = wl* i A
e C i B C
HH 2nd-degree CU—I'VeJ —3WL— e AS Y 2nd-degree curveJ_ \‘\U\ 3WL2
X 4EI (¥ 4FT
+ ‘ e + L
F | 5 | F L
B A B C
12E1T — 12E[ ] wl’
ra-degree CU-IVB 3 E T 3rd-degree curve 3]
Conjugate beam FBD of conjugate beam
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Equilibrium of the conjugate beam yields:

39wl _ 31wl ¢ 3wl’
A= =120 B, = 56 A = 120E]
~ 39wL 31wl
We report Ay =10 T By= 55 1

Applying the guiding rules in the CBM, we have

3wl 23wL®
:VC:_AC:— 6 =\, =
o =% Y~ 140El 5~ ® T 1680El
_ 3wl 23wl
Wereport 6= 1081 % = 1680ET
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Conclusions

e The method of model formulas requires the use of just a printed
page of excerpt of model loads and four model formulas.

e The four model formulas serve to provide material equations,
besides the equations of equilibrium for a beam.

e The formulas in the MoMF can account for most of the loads
encountered in undergraduate Mechanics of Materials.

e The conjugate beam method require the use of the first 7
guiding rules to construct the conjugate beam and draw the
free-body diagram of the conjugate beam. Then, apply the last
3 guiding rules to compute and report the requested solutions.

e Generally, the MoMF is a more direct and effective method than
the CBM in determining reactions and deflections of beams.
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Questions ¢
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